A Note on Bayesian Experimental Design Model

Based on an Orthonormal System

Abstract

In this paper, analytical properties of
Bayesian experimental design models
based on an orthonormal system will be
presented. The main idea of this paper is
combining the models good for assuming
a prior probability distribution over
parameters with those good for deriving
analytical properties. Firstly, it is shown
that models expressed through the
effect of each factor can be converted to
those based on an orthonormal system.
Next, it is shown that the posterior
distribution and predictive distribution
can be analytically derived in a Bayesian
experimental framework. The result of
this paper can be expected to be applied
widely, especially in health care, where a
Bayesian framework is necessary because

the experiments are expensive.
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1 Introduction

Bayesian theory and methodology
have seen dramatic growth in the last
several decades. Lindley [1] reviewed
experimental designs based on Bayesian
decision theory. For sequential and non-
sequential Bayesian methods based on
a framework for optimal experimental
designs, refer to [2, 3]. Bishop [4]
introduced some analytical properties
of Bayesian methods through models
made from linear combinations of basis
functions.

In experimental designs, since the
traditional models are often expressed
through the effect of each factor [5],
these are adequate for assuming a
prior probability distribution over the
model parameters. However, these
are not linear combinations of basis
functions and are not good for deriving
analytical properties within the Bayesian
framework. In addition, not all parameters
are independent, because there are

constraints on the parameters.
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Concerning the model, it was also shown
that the model can be expressed in terms
of orthonormal basis functions by using
complex Fourier coefficients, making all
parameters independent [6, 7, 8, 9].

In this paper, I will describe analytical
properties of Bayesian experimental
design models based on an orthonormal
system. The main idea of this paper is
combining the models good for assuming
a prior probability distribution over
parameters with those good for deriving
analytical properties. Firstly it is shown
that models expressed through the
effect of each factor can be converted to
those based on an orthonormal system.
Using the results of [4], it is shown that
the posterior distribution and predictive
distribution can also be analytically
derived within a Bayesian experimental
framework. The result of this paper
can be expected to be applied widely,
especially in health care [10], where a
Bayesian framework is necessary because
the experiments are expensive.

This paper is organized as follows. In
Section 2, I give the form of the single
and multivariate Gaussian distribution
necessary for this study as preliminaries.
In Section 3, after providing notations for
experimental designs, it is shown that
models expressed through the effect of
each factor can be converted to those
based on an orthonormal system. In

Section 4, it is shown that the posterior

distribution and predictive distribution
can also be analytically derived in a
Bayesian experimental framework.

Section 5 concludes this paper.

2 Preliminaries

2.1 Gaussian Distribution
In the case of a single variable x, the

Gaussian distribution take the form

N (z|p, 0?)
= G { a2} 0

where 1 is the mean and o2 is the

variance.

2.2 Multivariate Gaussian Distribution
In the case of an N-dimensional vector @,
the multivariate Gaussian distribution

takes the form

N(z|p, 2)
1 1 1 e
:szwm’{*i(w*ﬂ) = (mw)},

2

where p is an N-dimensional mean vector,
)

denotes the determinant of 3 , and 3!

Y is an N X N covariance matrix,

is the inverse of ¥ .



A Note on Bayesian Experimental Design Model Based on an Orthonormal System

3 Experimental Design

In this section, after providing notations
for experimental designs, I introduce two
experimental design models.

Firstly, I explain the traditional model,
which is expressed through the effect of
each factor. This model clarifies how each
factor affects the response variable [5].
Because I consider a Bayesian approach
in this paper, I need to introduce a prior
probability distribution over the model
parameters. For the traditional model,
it is easy to assume a prior probability
distribution. However, this model is not
good for deriving analytical properties
of a Bayesian framework, because
it is not linear combinations of basis
functions. In addition, not all parameters
are independent, because there are
constraints on the parameters.

In contrast, models based on an
orthonormal system are good for
deriving analytical properties of Bayesian
framework. However, it is not adequate to
assume a prior probability distribution for
models based on an orthonormal system,
because the models are expressed by
using complex Fourier coefficients.

Hence, if the former model can be
converted to the latter, and vice versa, it
i1s desirable in a Bayesian experimental
design framework. I will show this in this

section.

3.1 Notations for Experimental Designs
Let F17 FQ, ..

to be included in an experiment. Suppose

., F,, denote the n factors

each factor has ¢ levels, where ¢ is a
prime power.

Let the set A C {07 1}” denote all factors
and interactions that might influence the
response. For a = (a1, as,...,a,) € A
Jif a; =0 forall ¢ (0<4i<n), then
a denotes the general mean. If q; = 1
and a; = 0 for all j (j # 7). then a
denotes Factor [} . If q; =1, a; =1
and ap =0 for all k (k #i,7), then
a denotes the interaction of Factor [
and Factor [ .

Let the set of index of factors Sp = {i|
a; = l,a € A} . where A=
{alw(a) = 1,a € A} and w(a) is the
Hamming weight of a . Let the set of
index of interactions S; = {{i,j}|a; =
l,a; = 1,a € Ay}, where Ay = {al
w(a) = 2,a € A}.

3.2 Traditional Experimental Design
Model

Let t(x) denote the response of the
experiment with level combination & and

assume the model

te) = p+y (@) + Y Biylwz) +e

i€SE {i,j}€S1
(3)

where  is the effect of general mean,

a;(z;) is the effect of the z;th level of
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Factor Fj, B;;(x;, x;) is the effect of the
interaction of the x;th level of Factor F;
and the z;th level of Factor F}, and e
is a zero-mean Gaussian random variable
with variance ¢2. Here, generally, the

constraints [5, p.249]

™ o) = 0, ()

> Biilp, ) =0, (5)

Bus(ntt) = 0 (©)
=0

are assumed. Let the number of the
independent parameters of (3) be K
and u denote a K -dimensional column
vector.

Example 1 Consider ¢ = 3,n = 2
and A = {00, 10,10, 11}.

Then, all parameters are given as follows:

ps 1 (0), (1), a1(2), a2(0), a2(1),
012(2)7 51,2(0, 0), 51,2(0, 1), 51,2(0, 2);
Br2(1,0), B12(1, 1), B12(1,2), B1,2(2,0),
B12(2,1), B12(2,2).

Using the constraints (4), (5) and (6), the
independent parameters can be given as
follows:

p, a1(0), o1 (1), a2(0), aa(1), B12(0,0),
B12(0,1), Br2(1,0), Bra(1,1).

Hence, u can be expressed by

]

3.3 Experimental Design Model Based on
an Orthonormal System
Firstly, the levels of each factor can be
represented by & F(q), which is a Galois
field of order g, and the level combinations
can be represented by the n-tuples
x = (x1,29,...,2,) € GF(q)". Then,
the characters {Xg(x)la € GF(q)"}
form an orthonormal system. For a
detailed information about characters, for
example, refer to [11].

I use t(x) to denote the response of the
experiment with level combination & and

assume the model [6]

t@)= ) faXa(z)+e (8)

acly
where IA = {(blal, . ,bnan)|a €
A b; € GF(q)} and ¢ is a zero-mean

Gaussian random variable with variance

0'2-

The parameters {fqla € 14} are in-
dependent. Let |[4] = K and 4 = {aq,
asz,...,ax}.

Let (fay, fas:--
by w.

-afaK)T be denoted
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Then, (8) can be also expressed by the

equation

d(x) = [Xo, (2) Xy () .. Xo ()]

Moreover, consider the relation between
u in Sec. 3.2 and w in Sec. 3.3. In [8], the
following equations about the relation are

already provided.

w= fo..o- (10)

Z Xa, fO .0a;0...0+ (11)
aj€GF(q)

a;#0

Blm(@ Y) =

PO IEAC

a€GF(q) am€GF(q)
a;#0 am#0

Ko 1/1 10...0010...0010...0-
(12)

Using these equations, we can construct
a K X K matrix M that satisfies the

following equation:

u = Muw. (13)
As the rank of M is apparently K, the
inverse of M also exists. Hence, the

following equation holds.

M 'u =w. (14)

Using (13) and (14), the traditional model
can be converted to the model based
on orthonormal system, and vice versa.
As we can see in the next section, this
converting is desirable for deriving
analytical properties in a Bayesian
experimental design framework.

Example 2 Consider q =3, n =2
and A ={00,10,10,11}. Then, I4 =
{00, 10, 20,01, 02,11,12,21,22}, and

w can be expressed by

[ foo ]
fio
f20
for

w=| foo |. (15)

fll

fi2
for

L fo2 |

Let wy = e*™/3,

Using (10), (11), (12),
and X (k) = wé’“ from [11] M that

satisfies (13) for (7) and (15) are given as

10 0 0 0 0 0 0 07
601 1 0 0 0 0 0 O
0 ws w§ 00 0 0 0 O
00 0o 1 1 0 0 0 0
M=|00 0 wg w3 0 0 0 0
6o o0 o0 o0 1 1 1 1
00 0 0 0 wy wi wy wi
00 0 0 0 wy wy wi w3
L0 0O 0 0 0 w! 1 1 ws]

(16)

Next, I explain M~ . First, let 71,51,

So denote



1
= 17
1 wg_WB’ ( )
1—(&13
§] = ———, 18
T B2 ws) (18)
1+2W3
=—" 19
%= 307 o (19)

Then, the following equations are holds.
7”1W2 - al(o) _ flO
{ —7’160:0; (8] ai(1) | | feo | (20)

[ ] [E0]-[a] e

51 —Sy —sy —1 /3112((), 0) fu
Sy S 1 B12(0,1) _ fi2
1 st s 1 B1,2(1,0) for
S —8 —s1 —1 /31,2(17 1) f22
(22)
Hence, M~ is given as follows.
M1t=
1 0 0 0 0 0 0 0 017
0 r1w§ —-ry 0 0o 0 0 0 o0
0 —Triws 71 0 0 0 0 0 0
0 0 0 ’r‘lwg rn 0 0 0 0
0 0 0 —rws 0 0 0 0
0 0 0 0 0 S§1 —S82 —S2 —1
0 0 0 0 0 1 Sa S1 1
0 0 0 0 0 1 s s9 1
L 0 0 0 0 0 S9 —81 —851 —1 B
(23)
L]

4 Bayesian Experimental Design
Model Based on an Orthonormal
System

In Sec.3, it is shown that models expre-
ssed through the effect of each factor
can be converted to those based on an
orthonormal system. As models based
on an orthonormal system are linear
combinations of basis functions, we can
apply some analytical properties by
Bishop [4] to this model. This section uses
the results of [4, Section 3.3] to show that
the posterior distribution and predictive
distribution can also be analytically
derived in the Bayesian experimental

framework.

4.1 Likelihood Function
As explained in Sec. 3.3, it is assumed
that target variable ¢(x) is given by a
deter-ministic function with additive noise,
which is a zero-mean Gaussian random
variable with variance o2 .

Hence, using (9) and (14), the likelihood

function is given as
pltlz,u,0®) = N(t|g(x) M 'u,0?)(24)

Consider a data set of inputs X =

{x1,...,xy} with corresponding
target values ¢(x),...,t(xy) . Let the
{t(x1),...,t(xn)} be a col-

umn vector denoted by t.

variables

Under the assumption that these target
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values are drawn independently, the next
expression for the likelihood function is

obtained as

p(t| X, u,0?)

N
= [[Nt@.)¢(,)" M u, 0?). (25)

n=1
Moreover, the likelihood function
p(t| X, u,0?) can also be expressed by

the equation
p(t| X, u,0?) = N(t|®M 'u,0I), (26)

where

4.2 Bayesian Approach

In a Bayesian framework, we can assume
a prior probability distribution of wu,
which is denoted by p(u)- Under the
observed data, X and t, the posterior
probability distribution of w can be
calculated by using Bayes' theorem, which

takes the form

Pt X, w)p(u)

p(ulX,t) = (X0

(28)

In other words, we can evaluate the
uncertainty in w after we have observed
X and t, in the form of the posterior
probability p(u|X,t).

4.3 Prior and Posterior Probability

As described, I assume a prior probability
distribution over the model parameters
w. 1 will treat the variance o2 as a
known constant.

Theorem 1 Let the likelihood function
be given by (26). The corresponding
conjugate prior is given by a Gaussian

distribution of the form
p(u) = N(ulmy, S). (29)

Then the posterior probability is given
by the equation

p(u| X, t,0%) = N(u|my, Sy), (30)

where

1
my = SN <(M1)T<I)Tt + Solmo) s

02
(31)
1
Sy = ;(M’l)TQTrbM*l +8;1 (32)

Proof of Theorem 1:

Using Bayes' theorem, the posterior

distribution can be written as

p(ulX,t,0%)
p(t| X, u,0%)p(u)
= N(t|[®M 'u, )N (u|my, So)

K

o exp {7$(t — oM 'u)"(t - @M’lu)}
coxp G mo) S5 o) |

o2

1
= exp {ffuT (—(M’])TQT'I'M” + S[]])u
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1
+u” (—Q(M_l)TQTt + Sglmo) + const}
o

= exp{—% (u—my) Sy (u—my) + Const},
(33)

where myy, S;]l are given by (31) (32)
respectively, and const denotes quantities
independent of u. We see that as a fun-
ction of W, this is also a quadratic form,
and hence the posterior distribution will
be Gaussian with mean vector My and
covariance matrix Sy. []

Theorem 1 shows that the posterior
distribution can also be analytically
derived within a Bayesian experimental

framework.

4.4 Predictive Distribution
In experimental designs, it is important to
consider the predictive distribution. The

predictive distribution [12] is defined by

tle.to?) = [ pltlwu.0®)plulX. t.0%)du
(34)

The predictive distribution shown by
Bishop [4, Sec. 3.3.2] can be also applied to
this Bayesian experimental design frame-
work.

If the conditional distribution
p(tlz,u,0?) is given by (24) and the
posterior distribution is given by (30),
then the predictive distribution is given

as

ptle.t.0%) = N(tlmyo(x), o} (2))(35)

where the variance o3 (x) of prediction

distribution is given by

oi(@) = o* + ¢(x) Sne(x).  (36)

Generally, it is difficult to derive the
predictive distribution analytically.
However, using experimental design
models based on an orthonormal system,
the predictive distribution can also
be analytically derived in a Bayesian

experimental framework.

5 Conclusion

In this paper, I described analytical
properties of Bayesian experimental
design models based on an orthonormal
system. The main idea of this paper
was combining the models good for
assuming a prior probability distribution
over parameters with those good for
deriving analytical properties. Firstly, I
showed that models expressed through
the effect of each factor can be converted
to those based on an orthonormal
system. Next, using the results of [4], I
showed that the posterior distribution
and predictive distribution can also
be analytically derived in a Bayesian
experimental framework. The result of

this paper can be expected to be applied
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widely, especially in health care, where a
Bayesian framework is necessary because

the experiments are expensive.
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